Let g be an affine Lie algebra with index set I = {0, 1, 2, · · · , n}. It is conjectured in [12] that for each Dynkin node k ∈ I\{0} the affine Lie algebra g has a positive geometric crystal whose ultra-discretization is isomorphic to the limit of a coherent family of perfect crystals for the Langland dual g L . In this paper we show that at the spin node k = 6, the family of perfect crystals given in [6] form a coherent family and show that its limit B 6,∞ is isomorphic to the ultra-discretization of the positive geometric crystal we constructed in [18] for the affine Lie algebra D (1) 6 which proves the conjecture in this case.
Introduction
Let g denote a simply-laced affine Lie algebra with Cartan datum (A, {α i } i∈I , {α ∨ i } ı∈I ), where A = (a ij ) i,j∈I , I = {0, 1, · · · , n} is a symmetric affine Cartan matrix and U q (g) denote the corresponding quantum affine algebra. Let P = ZΛ 0 ⊕ ZΛ 1 ⊕ · · · ⊕ ZΛ n ⊕ Zδ and P ∨ = Zα ∨ 0 ⊕ Zα ∨ 1 ⊕ · · · ⊕ Zα ∨ n ⊕ Zd denote the affine weight lattice and the dual affine weight lattice where δ and d denote the simple imaginary root and the degree derivation respectively. For a dominant weight λ ∈ P + = {µ ∈ P | µ(h i ) ≥ 0 for all i ∈ I} of level l = λ(c) (c is the canonical central element), (L(λ), B(λ)) denote the crystal base [8, 9, 15] for the integrable highest weight U q (g)-module V (λ). To give explicit realization of the crystal B(λ), the notion of affine crystal and perfect crystal has been introduced in [5] . In particular, it is shown in [5, 6] that the affine crystal B(λ) for the level l ∈ Z ≥1 integrable highest weight U q (g)-module V (λ) can be realized as the semiinfinite tensor product · · · ⊗ B l ⊗ B l ⊗ B l , where B l is a perfect crystal of level l. This is known as the path realization of the crystal B(λ). Subsequently it is noticed in [7] that one needs a coherent family of perfect crystals {B l } l≥1 in order to give a path realization of the crystal B ∞ of U − q (g). In particular, the crystal B(∞) can be realized as the semi-infinite tensor product · · · ⊗ B ∞ ⊗ B ∞ ⊗ B ∞ where B ∞ is the limit of the coherent family of perfect crystals {B l } l≥1 .
On the other hand the geometric crystal [1, 19] for the simply-laced affine Lie algebra g is a quadruple V(g) = (X, {e i } i∈I , {γ i } i∈I , {ε i } i∈I ), where X is an ind-variety, e i : C × × X −→ X ((c, x) → e c i (x)) are rational C × -actions and γ i , ε i : X −→ C (i ∈ I) are rational functions satisfying the following:
(1) {1} × X ⊂ dom(e i ) for any i ∈ I, (2) γ j (e c i (x)) = c aij γ j (x), ( 3) e c1 i e c2 j = e c2 j e c1 i if a ij = a ji = 0, e c1 i e c1c2 j e c2 i = e c2 j e c1c2 i e c1 j if a ij = a ji = −1, (4) ε i (e c i (x)) = c −1 ε i (x) and ε i (e c j (x)) = ε i (x) if a i,j = a j,i = 0. The geometric crystal V(g) is said to be positive if it has a positive structure [1, 12, 19] . Roughly speaking this means that each of the rational maps e c i , ε i and γ i are ratios of polynomial functions with positive coefficients.
A remarkable relation between positive geometric crystals and algebraic crystals is the ultra-discretization functor UD between them [1] . Applying this functor, positive rational functions are transfered to piecewise linear functions by the simple correspondence:
It was conjectured in [12] that for each affine Lie algebra g and each Dynkin index i ∈ I \ {0}, there exists a positive geometric crystal V(g) = (X, {e i } i∈I , {γ i } i∈I , {ε i } i∈I ) whose ultra-discretization UD(V) is isomorphic to the limit B ∞ of a coherent family of perfect crystals for the Langlands dual g L . So far this conjecture has been proved for (k = 1; g = A (1) n , B (1) n , C (1) n , D (1) n , A (2) 2n−1 , A (2) 2n , D (2) n+1 ) [12] ; (k ≥ 2; A (1) n ) [16, 17] ; (k = 1; G (1) 2 ) [20, 21] ; (k = 1; D (3) 4 ) [2, 3] ; (k = 5, D (1) 5 ) [4] . In [18] we construct a positive geometric crystal for the affine Lie algebra D (1) 6 at the Dynkin spin node k = 6. In this paper for l ∈ Z ≥1 , we show that the family of perfect crystals {B 6,l } l≥1 for D (1) 6 given in [6] is a coherent family of perfect crystals with limit B 6,∞ . Furthermore, we prove that the ultra-discretization of the positive geometric crystal V(D (1) 6 ) constructed in [18] is isomorphic as crystal to B 6,∞ proving the conjecture [12] in this case.
Perfect Crystals of type D
(1) 6
From now on we assume g to be the affine Lie algebra D (1) 6 with index set I = {0, 1, 2, 3, 4, 5, 6}, Cartan matrix A = (a ij ) i,j∈I where a ii = 2, a j,j+1 = −1 = a j+1,j , j = 1, 2, 3, 4, a 02 = a 20 = a 46 = a 64 = −1, a ij = 0 otherwise, and Dynkin diagram: Let {α 0 , α 1 , α 2 , α 3 , α 4 , α 5 , α 6 }, {α 0 ,α 1 ,α 2 ,α 3 ,α 4 ,α 5 ,α 6 } and {Λ 0 , Λ 1 , Λ 2 , Λ 3 , Λ 4 , Λ 5 , Λ 6 } denote the set of simple roots, simple coroots and fundamental weights, respectively. Then c =α 0 +α 1 + 2α 2 + 2α 3 + 2α 4 +α 5 +α 6 and δ = α 0 + α 1 + 2α 2 + 2α 3 + 2α 4 + α 5 + α 6 are the canonical central element and null root respectively.
The sets P cl = ⊕ 6 j=0 ZΛ j and P = P cl ⊕ Zδ are called classical weight lattice and weight lattice respectively.
In this section we reformulate the D
6 -perfect crystals {B 6,l } l∈Z ≥1 corresponding to the spin node k = 6 given in [6] in coordinatized form and show that it a coherent family of perfect crystal with limit B 6,∞ .
For a positive integer l, we consider the sets B 6,l and B 6,∞ as follows.
For B = B 6,l or B 6,∞ we define the mapsẽ k ,f k : B −→ B ∪ {0}, ε k , ϕ k : B −→ Z, 0 ≤ k ≤ 6 and wt : B −→ P cl , as follows. First we define conditions (E j ), 1 ≤ j ≤ 14:
Then we define conditions (F j ) (1 ≤ j ≤ 14) by replacing > (resp. ≥) with ≥ (resp. >) in (E j ). Let b = (b ij ) ∈ B. Then forẽ k (b) = (b ′ ij ) where k = 0 :
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does not belong to B 6,l , then we assume it to be 0. The maps ε k (b), ϕ k (b) and wt k (b) for k = 0, 1, 2, 3, 4, 5, 6 are given as follows. We observe that wt
, (3, 8) , (4, 9) , (5, 10), (6, 11) ,
, (4, 8) , (5, 9) , (6, 10), (2, 6) , (3, 6) , (3, 8) , (4, 7), (4, 9) , (5, 8) , (5, 10) , (6, 9) , (6, 11) , (1, 4) , (2, 2), (2, 5), (3, 3) , (3, 6) , (4, 6) , (4, 9) , (5, 7), (5, 10), (6, 8) , (6, 11) , (2, 4) , (3, 3) , (3, 5) , (4, 4) , (4, 6) , (5, 6) , (5, 10), (6, 7), (6, 11) , (3, 4) , (4, 5) , (5, 6) , (6, 11) , (4, 4) , (5, 5) , (6, 6) , and (b 0 k ) ij = 0 otherwise, for 0 ≤ k ≤ 6. As shown in [6] , the crystal B 6,l is a perfect crystal with the set of minimal elements:
For λ ∈ P cl , consider the crystal
The notion of a coherent family of perfect crystals and its limit is defined in [7] . In the following theorem we prove that the family of D
Theorem 2.1. The family of perfect crystals {B 6,l } l≥1 forms a coherent family and the crystal B 6,∞ is its limit.
for any (l, b) ∈ J, there exists an embedding of crystals
l , it can be checked easily that the conditions for the action ofẽ k on b ′ = b − b 0 hold if and only if the conditions for the action ofẽ k on b hold. Hence from the defined action ofẽ k , we see thatẽ
We observe that
Similarly, we can show that
Similarly, we see that
It is known that the ultra-discretization of a positive geometric crystal is a Kashiwara crystal [1, 19] . In this section we apply the ultra-discretization functor UD to the positive geometric crystal V = V(D at the spin node k = 6 in ( [18] ,Theorem 5.1). Then we show that as crystal it is isomorphic to the crystal B 6,∞ given in the last section which proves the conjecture in [12] for this case. As a set X = UD(V) = Z 15 . We denote the variables x
6 ) ∈ X . By applying the ultra-discretization functor UD to the positive geometric crystal V in ( [18] ,Theorem 5.1), we have for 0 ≤ k ≤ 6:
We definȇ
3 , x
As shown in [1, 19] , X with mapsẽ k ,f k : X −→ X ∪ {0}, ε k , ϕ k : X −→ Z, 0 ≤ k ≤ 6 and wt : X −→ P cl is a Kashiwara crystal where for x ∈ X e k (x) = UD(e c k )(x)| c=1 ,f k (x) = UD(e c k )(x)| c=−1 ,
In particular, the explicit actions off k , 1 ≤ k ≤ 6 on X is given as follows.
, x
6 ),
3 , x 
3 + 2x
.
To determine the explicit action off 0 (x) we define conditions (F 1) − (F 14) as follows.
6 , x 
,
Then for x ∈ X we havef 0 (x) = UD(e c 0 )(x)| c=−1 given bỹ
3 + 1, x
2 + 1, x
4 + 1, x
6 , x
4 , x 
